Abstract. In this paper, we prove the stability of a quadratic type functional equation
HYERS-ULAM-RASSIAS STABILITY OF A QUADRATIC TYPE FUNCTIONAL EQUATION

Sang Han Lee and Kil-Woung Jun
Abstract. In this paper, we prove the stability of a quadratic type functional equation
+ a 2 f −x + y + z a = 4f (x) + 4f (y) + 4f (z).
Introduction
In 1940, S. M. Ulam ([9] ) posed the following question on the stability of homomorphisms: Given a group G 1 , a metric group G 2 with a metric d and a number > 0, does there exist a δ > 0 such that if a mapping f : G 1 In 1978, Th. M. Rassias ( [7] ) generalized the result of Hyers as follows: Let f : X → Y be a mapping between Banach spaces and let 0 ≤ p < 1 be fixed. If f satisfies the inequality
for some θ ≥ 0 and all x, y ∈ X, then there exists a unique additive mapping A : X → Y such that
is a solution of the following functional equations
So, it is natural that each equation is called a quadratic functional equation. In particular, every solution of the quadratic functional equation f (x + y) + f (x − y) = 2f (x) + 2f (y) is said to be a quadratic function.
In this paper we deal with a quadratic type functional equation
Throughout this paper a is a nonzero real constant.
Solutions of a quadratic type functional equation
Throughout this section X and Y will be real linear spaces. Given a function f : X → Y , consider the following equation Proof. Note that f (−x) = f (x) for all x ∈ X since f is an even function. Putting y = z = 0 in (2.1) we have
for all x ∈ X. Using (2.2) in (2.1) we have
This shows that f is quadratic.
Lemma 2. If an odd function
for all x ∈ X. Using (2.4) in (2.1) we have
This shows that f is additive.
Remark. In Lemma 2, an additive mapping f is nonzero in general. But if a is a rational number and a = 2 in (2.1), then f ≡ 0. 
for all x ∈ X.
Stability of a quadratic type functional equation
Let R + denote the set of nonnegative real numbers. Recall that a function H :
for all nonnegative real numbers t, u, v and w. Throughout this section X and Y will be a real normed linear space and a real Banach space, respectively. We may assume that H is homogeneous of degree p. Given a function f : X → Y , we set
for all x, y, z ∈ X.
for all x, y, z ∈ X. Then there exists a unique additive mapping A :
for all x ∈ X, where h(x) = 1 4 (H(||x||, ||x||, 0) + H(||2x||, 0, 0)). Proof. Note that f (0) = 0 and f (−x) = −f (x) for all x ∈ X since f is an odd function. Putting y = z = 0 in (3.1) and then replacing x by 2x we have
for all x ∈ X. Putting y = x and z = 0 in (3.1) we have
for all x ∈ X. By (3.3) and (3.4), we have
for all x ∈ X, where h(x) = 1 4 (H(||x||, ||x||, 0) + H(||2x||, 0, 0)). We divide the remaining proof by two cases. (I) The case 0 < p < 1. By (3.5), we have
for all x ∈ X. Using (3.6) we have
for all x ∈ X and all positive integers n. By (3.7), we have
for all x ∈ X and all positive integers m and n with m < n. This shows that
is a Cauchy sequence for all x ∈ X since the right side of (3.8) converges to zero when m → ∞. Consequently, we can define a mapping A : X → Y by
for all x, y, z ∈ X. By Lemma 2, it follows that A is additive. By (3.6) and (3.7), we have
for all x ∈ X and all positive integers n. Taking the limit in (3.9) as n → ∞, we get (3.2). Now, let A : X → Y be another additive mapping satisfying (3.2). Then we have
for all x ∈ X and all positive integers n. Since
we can conclude that A(x) = A (x) for all x ∈ X. This proves the uniqueness of A.
(II) The case p > 1. Replacing x by x 2 in (3.5) we have
for all x ∈ X. Using (3.10) we have
for all x ∈ X and all positive integers n. By (3.10) and (3.11), we have
for all x ∈ X and all positive integers n. The rest of the proof is similar to the corresponding part of the case 0 < p < 1. 
for all x ∈ X, where h(x) = 
for all x ∈ X. Putting y = z = 0 in (3.1) and then replacing x by 2x we have
for all x ∈ X. By (3.13) and (3.14), we have
for all x ∈ X. Using (3.16) we have
for all x ∈ X and all positive integers n. By (3.16) and (3.17), we have
for all x ∈ X and all nonnegative integers m and n with m < n. This shows that
is a Cauchy sequence for all x ∈ X. Consequently, we can define a function Q : X → Y by
for all x, y, z ∈ X. By Lemma 1, it follows that Q is quadratic. Putting m = 0 in (3.18) and letting n → ∞ we have (3.12). for all x ∈ X. By (3.19) and (3.20), we have
for all x ∈ X and all positive integers n. The rest of the proof is similar to the corresponding part of the case p < 2. 
